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A GEOMETRICALLY NONLINEAR ANALYSIS OF ARBITRARILY
LOADED SHELLS OF REVOLUTION

By R. E. Ball
SUMMARY

A digital computer program for the geometrically nonlinear
analysis of thin elastic shells of revolution subjected to arbitrary
load and temperature distributions has been developed to predict
snap buckling of spacecraft shell structures due to asymmetric loads
such as those imposed by reentry flow or landing impact. The analysis
is based upon Sanders’ nonlinear shell theory for the condition of small
strains and moderately small rotations. The nonlinear partial differential
equations are reduced to a sequence of linearized uncoupled ordinary
differential equations by expanding the variables into Fourier series in
the circumferential direction, and treating the nonlinear terms as pseudo
loads. The linearized equations are repeatedly solved, using a finite
difference formulation in conjunction with a Gaussian elimination
procedure, until the solution converges.

All physical and geometrical properties of the shell are assumed
to be axisymmetric, but the load and temperature distributions may be
any function symmetric about a meridian and expressible by a Fourier
series in the circumferential direction. The shell wall construction may
be a composite with Young's modulus varying through its thickness.

The thickness of the shell wall, the elastic modulus of the wall material,
the applied load, and the thermal gradient through the wall may be smooth
functions of the meridional arc length. The boundaries of the shell may
be closed, free, fixed, or elastically restrained.

The program is coded in the FORTRAN IV language for operation in
the IBSYS - IBJOB operating system (version 13). It has been dimensioned
to allow a maximum of 20 equally spaced stations along the shell
meridian and 10 arbitrary Fourier terms. A load-deformation history is
determined using a variable incremental load step to assure reasonable
convergence of the iteration process as the load nears the snap-through
value. The output from the program consists of all input data plus the
shell displacements, forces, and moments at every station for each
Fourier mode and at prescribed locations around the circumference for
each load step.



INTRODUCTION

Numerical analysis of shell structures is a subject that has
received considerable attention in recent years. However, almost all of
this attentlon has been given to linear and nonlinear axisymmetric
problems. Apparently, the only successful nonlinear analysis of an
asymmetrically loaded shell was the one by Famili and Archer (ref. 1) who
developed a computer program for the finite asymmetric deformation of
shallow spherical shells, basing their analysis on the nonlinear theory of
Vlasov and using a finite difference formulation in conjunction with an
iterative process to solve the nonlinear partial differential equations. As
a consequence of the small amount of study in this area, a large number
of problems remain unsolved, including the snap-buckling of spacecraft
shell structures subjected to asymmetric loads such as those imposed by
reentry flow or landing impact. The computer program described in this
report should provide a tool for solving some of these problems.

The field equations used in this analysis were derived by Sanders
(ref. 2) for the condition of small strains and moderately small rotations.
The method for solving these equations follows the procedure employed by
Budiansky and Radkowski (ref. 3) in their analysis of the unsymmetrical
bending of shells of revolution using Sanders' linear theory*, wherein the
pertinent variables are expanded into Fourier series in the circumferential
direction**. The nonlinear terms, which are products of series since
they involve the total value of each variable, are each expanded into a
single trigonometric series, and coefficients of like trigonometric
arguments are grouped. In contrast to the linear analysls, the resulting
equations do not uncouple into separate sets of ordinary differential
equations for each Fourier index because of the presence of the nonlinear
terms. However, the equations can be decoupled if each of the Fourier
coefficients of the nonlinear terms are treated as known quantities, or
pseudo loads, and an iterative process is used to obtain the solution.

Briefly, the set of linearized equations are first solved for each
Fourier coefficient of the actual load, plus an estimated pseudo load,
using a finite difference formulation in conjunction with a Gaussian
elimination procedure. Next, the nonlinear terms are calculated using
the new solution and entered into the equations as a revised estimate of

*Budiansky and Radkowski's linear shell analysis has also been used as
the basis of a computer program by Schaeffer (ref. 4).

**The application of Fourier series to nonlinear shell problems is not new,
having been used previously by a number of investigators for studying

the buckling behavior of axially loaded circular cylinders (see Hoff, et.
al., ref. 5, and Thurston and Freeland, ref. 6), and by Bushnell (ref. 7)

and Bushnell and Madsen (ref. 8) to solve the axisymmetric spherical
cap problem.
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the pseudo loads. All the sets of linearized equations are then solved
again. This procedure repeats until the solution converges. After each
iteration there may be additional sets of linear equations to solve that
contain no Fourier coefficient of the actual load, but which do contain
coefficients of the pseudo load arising from the nonlinear terms.

In order to determine the apparent snap-buckling load a variable
incremental load step routine 1s built into the computer program. When
the number of iterations are small the load is incremented in equal
prescribed steps. As the load nears the snap-through value, and the
number of iterations exceed a prescribed maximum, the incremental load
is reduced. Any number of increment reductions can be made. The load
is continually increased until either the prescribed maximum number of
load steps have been taken or the shell enters a position of neutral
equilibrium and snap buckling appears imminent. Post buckling behavior
cannot be determined by this program because of the method of solution
employed.

The body of this report contains the mathematical development
of the governing equations and a description of the method of solution.
Sanders' (ref. 2) nonlinear general shell field equations for his
moderately small rotation theory are reproduced in Appendix A for the
purpose of reference. The procedure for calculating the nonlinear terms
is described in Appendix B. Appendix C contalns the expressions for
the coefficients of the unknowns in the governing equations, and
Appendix D presents the “boundary" conditions for shells with a pole.
A program write-up containing detailed flow charts, a description of the
program usage with comprehensive input and output definitions and a
test case are given in Appendix E. The source program is listed in
Appendix F, and detailed flow charts are given in Appendix G.

The author takes this opportunity to acknowledge the significant
contribution to this project by Jerry C. Peck.



SYMBOLS

a = reference length
B = inplane stiffness, equation (l11la)
b = nondimensional inplane stiffness,

equation (34a)
D = bending stiffness, equation (11b)

d = nondimensional bending stiffness,
equation (34b)

E = Young's modulus

EO = reference Young's modulus

e €€ g = nondimensional Fourier coefficients for the reference

' surface strains, equations (21)

fs = nondimensional Fourier coefficient for the transverse
force, equations (25)

?s = nondimensional Fourier coefficient for the effective
transverse force, equations (25)

h = thickness

ho = reference thickness

i = Fourier index or meridian station

j = Fourier index

K = last meridian station

ks’ k6’ kSe = nondimensional Fourier coefficients for the bending

strains, equations (22)
Ms’ MG' MSe = bending and twisting moments per unit length
Myr Mgr M g = nondimensional Fourier coefficients for bending and

twisting moments, equations (18)




SYMBOLS

m = nondimensional Fourier coefficient for the thermal
T . )
bending moment, equation (34d)

N , N,., Nse = membrane forces per unit length

S 0
laS
NsG = effective shear force, equation (13)
= Fourier index
P = ratio of applied load to the classical buckling

load of uniformly loaded sphere

P ., P, P = nondimensional Fourier coefficients for the components
s" 70" "s6 .
of the pressure load, equations (23)

Qs' Q6= transverse forces per unit length
63 = effective transverse force, equation (14)
qs, qe, q = meridional, circumferential, and normal components

of applied pressure load

Rs' R6 = principal radii of curvature

r = normal distance from the axis of the shell

S = total length of meridian

s = meridional shell coordinate

T = local temperature change

ts , te, tSe = nondimensional Fourier coefficients for membrane

forces, equations (17)

A

tse = nondimensional Fourier coefficient for the effective
shear force, equations (25)

tT = nondimensional Fourier coefficient for the thermal
membrane force, equation (34c)

u,v = displacements tangent to the meridian and to the parallel

circle respectively



B, By B. B,

<
I

s6

Mggr ’79' ns'

Mos Mgg’ Msg

SYMBOLS
nondimensional Fourier coefficients for the displacements
tangent to the meridian and to the parallel circle
respectively, equations (19)

displacement normal to the reference surface

nondimensional Fourier coefficient for the displacement
normal to the reference surface, equations (19)

coefficient of thermal expansion

6 = nondimensional coefficients for the nonlinear terms
in the strain-displacement relations

p'/p

nondimensional distance between stations
=reference surface strains, equations (5)
thermal membrane force, equation (l1c)

coordinate normal to the reference surface’

= nondimensional coefficients for the nonlinear terms in
the equilibrium equations

circumferential angle
= bending strains, equations (6)
thermal bending moment, equation (11d)
h /a
o
= coefficients, equations (B-7, B-9, and B-13)

Poisson's ratio
nondimensional meridional coordinate, s/a

nondimensional radius, r/a




o) =
o}
ws, we=
<I>S, <I>9, ¢
(ps' <p6' SD
T =
MATRICES
A, B,C,P

SYMBOLS
reference stress level
nondimensional curvatures, a/Rs, a/R9

= reference surface rotations, equations (7)

= nondimensional Fourier coefficients for the rotations,
equations (20)

Fourier coefficient for the local temperature change,
equation (24)

4x4 matrices

E, F, G, H, J= 4x4 matrices, Appendix C

e, f
q, X
2
Yy
z
Q, A
Q. A

= 1x4 matrices, Appendix C
= 1 x 4 column matrices
= 1x4 boundary condition matrix

= 1x4 column matrix containing the boundary variables
A

ts, tse’ 'f’s, and @,

= 1x4 column matrix containing the unknowns u,v,w, and ms

= 4x4 boundary condition matrices

= 4x4 boundary condition matrices



SHELL GEOMETRY

Consider the general shell of revolution shown in figure 1.
Located within this shell is a reference surface. All material points
of the shell can be located using the orthogonal coordinate system
s, g, £+ where s is the meridional distance along the reference
surface measured from one boundary, g is the circumferential angle
measured from a datum meridian plane, and p is the distance along
the normal to the reference surface measured from the reference
surface. The positive direction of each coordinate is indicated in
figure 1. For convenience, let the reference surface be positioned
so that

chdC=0 ()

where E is the elastic modulus and the integration is carried out
through the thickness of the shell. Thus, when E is independent
of p the reference surface coincides with the middle surface of
the shell. Further, let the location of the reference surface be
described by the dependent variable r, the normal distance from
the axis of the shell. Accordingly, the principal radii of
curvature of the reference surface are

R6=r/[1 - (r‘)zj:'-/2 T

R, = —[1 - (r')2jl/2/r"

o

where a prime denotes differentiation with respect to s. Further,
note the Codazzi identity

b =r' <R;l - R;l>/ r (3)

and the relation

r"=—-r/RsRe (4)




e

reference
surface

Axis

Figure 1.  Shell Geometry and Coordinates
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THEORY

Strain-displacement Relations

For a shell of revolution, the strain-displacement relations
derived by Sanders take the form

— ] r ‘2 2\
€=U +W/Rs+<¢s+<l> //2

(5)

N

— 7" T ] 2
ee-v /r+r U/r+W/R6+<<I>e+<I> )/2

o=V +U f-rvive 8, )/2

and

xg=Pg/rrr & /r p (6)

xse=[¢é+ & /r-r <I>9/r+<R;1— R;1>q>]/2

where es, EG’ and Gse are the reference surface strains, ”‘s’
xe , and nse are the bending strains, U and V are the displace-

ments in the directions tangent to the meridian and to the parallel
circle respectively, W is the displacement normal to the reference
surface, and ‘I’s, <I>6 . and & are rotations defined by

@ =-W'+ U/RS 7
Bg=- W' /r+V/R, ' 3 (7)

@ =(V+xvi-U /i)

-

10




In these equations, and henceforth, dots denote differentiation
with respect to 8. The positive direction of each displacement
and rotation variable is indicated in figure 2.

Equilibrium Egquations

Converting Sanders' equations for equilibrium to the s,
6 coordinate system gives
<rN N + N, -rN,+rQ /R +<R'1- RZ )M /2
s/ s6 ] s’ s s 6 ./ "s6

=-rq_+ ‘(‘I’s N_+ &g Nse>/Rs+ [q: <NS + N6>] /2

Ng +<rNse>' *rN g+ 1rQp/Ry+ r[ <R(_a] - R;1>Mse ] /2

B ZEE—

=-rqg + r(cpe Ng + <I>SNSG>/R6 - r[@ (Ns + N6>] /2
(0, )" # Qg =, /R, - g /R

= - ' (/ M
rq + (r <I>S Ns +r ¢9N56> + \QSNSG + ¢6N6>

and

. N _
Me+<rMse/ tTrM - 1Qgp=0

where qs, qe , and q are the meridional, circumferential, and
normal components of the applied pressure load, Qs and QG
are the transverse forces, Ns’ N6 and NsG are the membrane
forces, and Ms' MG’ and MSe are the bending and twisting

moments. Refer to figure 3 for the positive directions of these
variables.

11

(8)

(9a)

(9b)
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Positive Directions for Displacements and Rotations
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Positive Directions for Forces, Moments and Loads
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Constituitive Relations

The constituitive relations used in Sanders' nonlinear
theory are the same as those proposed by Love in his first
approximation to the linear small strain theory of thin elastic
shells. Noting equation (1), these can be given in the form

_ _ -
B eS—NS vN6+ €p
B €6=N6—VNS+ €1
N
Be ,= (1 +v /N
st =MS -VMG“*'"T
Dne=M6 —UMS + xT
- N
ste <I+V/Mse B
where v is Poisson's ratio, assumed constant through the
thickness, and
B=[Ed¢C (11a)
D=[¢?EdC (11b)
= aTEdY (11c)
Mp=[LaTEdL (114)

T is the local temperature change, and a is the coefficient of
thermal expansion.

Boundary Conditions

In Sanders’ norﬂinear theory, the conditions to prescribe

on the edges of a shell of revolution are
A

N orU N orV
s s@

A
QS or W MS or <I>s

13

(12)



A P '
where NSe and Qs are effective shear and transverse forces
defined by

A -1 _pm1 (3
Ns6~NSB +<3 RG Rs )Mse /2+KNS+N6>® /2 (13)

la)
Qszq’s-‘-l\/lse/r"q’s N - % Ny (14)

Using equilibrium equation (9a) to eliminate Qs from equation
(14) leads to

65 = [(rMSj +2My, - r'My :]/r -®N_ - &N _, (15)

Elastic restraints at the edge of a shell can be provided for by
linearly relating the forces or moment to the appropriate dis-
placements or rotation. Consequently, the boundary conditions
may be given in the matrix form

N R
S
VAl
N_g v
Q . + ry =4 (16)
Qq w
bQS MS

where § and A are 4x4 matrices and £ is a column matrix.
The values of the elements of these matrices are determined by
the conditions prescribed at the shell boundary.

SEPARATION OF VARIABLES

Fourier Expansions

The crux of the method used here to solve the nonlinear
field equations is the elimination of the independent variable 8
by expanding all dependent variables into Fourier sine or cosine
series in the circumferential direction. Only loading conditions
that are symmetric about a datum meridian plane will be considered.

14




P

Thus, the variables can be expressed as follows*:

- -
Ns =c'oho Z t(sn) cos nb 7
n=0
N,=0_h Z t(n) cos nb q (17)
6 oo 6
n=
(- -]
N.g =00, ) tgne) sin n@ J
n:
o h® @& M
MS = oao z m(n) cos nb
n=0
o h3 -]
_ (n)
I\/Ie = 3 E m6 cos né ) (18)
n=0
o h® &
Mse =—-—°ao Z m(sne) sin nB _J
n=

*Theoretically, the complete Fourier series including both the
sine and cosine expansions should be used because of the
possibility of "odd" displacements occurring under "even"
loads, i. e., a bifurcation phenomenon. This aspect is not
considered in the program.

15
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U= 5 Q Z u(n) cos nb
o —
n=0
ag 2
V= E Q Z v( ) sin né
°© n=l
ag ®
W= Eo E w(n) cos né
o _
n=0

(o4 @
L] =E-Q E <p(n) cos nf

C
<I)6=—E2 Z <p(n) sin n6

6
© n=l
c [ -]
¢ =_E£ <p(n) sin nB@
o
n—.
(o4 ®
€ =EO(; z e(sn) cos n@
n=0
(o4 ®
Q= _EQ Z egl) cos nb
n=
c & (n) _.
€ =2 e sin n®
se E Z s
°© n=l

16

(19)

(20)

i



[}
x = —2 X k(n) cos nb
'8 s

n=0

o &
ne=——°— Z k(n) cos nb

aE . 6
° n=0
(v) o,
_ o (n) _.
Xsg = an Z ksG sin n@
n=l
o h &
= o o (n)
9 = 5 E Py cos nf
n=0
ch 2
.00 (n) .
qG a Z Pg sin n#
n:
o h &
_ 0 (n)
q = 3 E o) cos nb
n=0

T= E 'r(n) cos nf

Nog=oh 5 40 gnng

Qs =c'oho | /f\(sn) cos né

- -]
Q_=0h > fs(n)cosne
° =0

17

Vv

(22)

(23)

(24)

(25)
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where the Fourier coefficients have been nondimensionalized and
"normalized" with a reference stress level ao' Youngs modulus EO

thickness ho' and length a, to reduce round off error in the

!

computations. Henceforth, for convenience, the superscript n
on the Fourier coefficients will be dropped. It should be noted
that although an infinite series is indicated in equations (17-25)
only ten terms can actually be handled in the program.

Uncoupled Ordinary Differential Equations

In order to eliminate the independent variable 8 from
the problem, and convert the partial differential equations to
ordinary uncoupled differential equations, the nonlinear terms
require special treatment, Every nonlinear term is the product
of two Fourier series; however, each product can be reduced to
a single trigonometric series wherein the coefficient is itself a
series. Accordingly, it can be shown that substituting equations
(20) into the nonlinear terms contained in equations (5) will lead to

¢:= <%§_>2 ( §0 ¢, cos n6>2 = %‘i i B, cos nb
n=

n=0
o3 = (9'2}2 ( § sin n6>2 = %o § B, cos nb
6 E, n=_l‘Pe E, - 6
& =<—cr—o>2 (i @ sin r16>2 =£9 i B cos nb > (26)
Eo n=i EO n=0

8,00 = (5207 (] o,c08n0) (] g sinne)
n=0

n=l
o ©
= e} ﬁ sin ne
EO Z Se -~
n=]

In this analysis, the B's are assumed to be known quantities,
and the procedure for calculating them is described in Appendix B,
Therefore, substituting equations (26) and the appropriate Fourier
series into equations (5~7) yields the nondimensional uncoupled

18




Y
PEEY

ordinary differential equations for the strain-displacement
relations:

es=u'+wsw+<’6s+‘8>/2 ]

e6=nv/p tyut wg w+<ﬁe+ﬁ>/2 > (27)

LI =<v' -nu/p -yv+ Bse>/2

kg=nog/p+yo, > (28)

r ' N T
ksp = | 99 ~ N9 /p—y(p6+<w9-ws)¢_1!/2

P =W uwgu )
Qg =nw/p+ wy v »  (29)
© = (v' +tyv +nu/p>/2 _

where p=r/a, ¥ = p'/p, wg = a/Re, W, = a/RS. In these and the
following nondimensional equations, primes denote differentiation
with respect to the nondimensional coordinate £ =s/a.

The equilibrium equations can be converted to non-
dimensional uncoupled ordinary differential equations in a
similar manner. Using equations (9a and 9b) to eliminate QS and

QG from equations (8), substituting the appropriate series expansions

into the results, and using the geometrical identities given in
equations (3 and 4) leads to

19



t's:-’”sz - t6> +ntse/‘°+>‘2 [ws m's+'y “s <ms B m9>
+ n<3 wg ~ “’e>mse/2‘°] -~ Pg + ws <nss * nGs)

7~ ~N
+n<ns+n9>/ KZPJ
[ 2 - 1
tig " Zytse—-nte/p%-)t ,[—nweme/p+<3we ws>m Se/2

+7<3‘°e+‘°s>mse/z - W Mg /2] =" pe‘“we(hee*"se)

- (ns * 779>'/2

- 2 tt T 4 _ 2 2
T gty w6t6+>‘ [ms+27ms “’s‘*’ems*&“’s“’e n/p>m6

-7 mlG * an‘se/p tZy nmse/p ] =-p7 <p Mss ™ pn9s> /P

+n<’7se+ Mo e)/P

r (30)

_

where A=ho/a and the 1 terms are taken as known quantities defined by

]
coho
E

o

d N_=
s's

<§ @ cos n6><§ t, cos n9>
=0 n=0

n_

[ =]
=coho E ﬂss cos nb
n=0

20




02h ® ©
@e Nse = goo < E l(pe sin _n9> <§ teg sin n9>
n= n=l

-]
=aoho E "es cos nb
n=0

<I>NS = a%ho ( § ¢ sin n6> <§ t, cos n6>
° n=1 n=0

[- <]
= oho E ns sin nb
n=1

C’Zho ® ©
@Ne = —% < 0 sin n6> <§ tg cos n6>
1 n=0

o =
n_.

-]
= aoho }: "7e sin nf
n=l

o?h i .2

<I’e N6 = E? 2 <§ Pg sin n6> ( }_ te cos n9>
°© =] n=0

=coho ) "76e sin n@

n=l1

¢I>S Nse=?—?—>;;c-’- <§ @ cos n9> (E t,g Sin n9>

n=0 n=1
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The procedure for calculating the M's is described in Appendix B.

Finally, since equations (10) are linear, a simple inversion

leads to
tS =b<es+ve6> —tT
tg =b<ee+”es> ~tp
tsg =P l—v:} ®se

and
m, = d(k + V‘ke> - mq
mg =d<ke+vk > - My
msg=d <l—v> s

where

lon
]
—
tri
[o N
Y
~N
Tt
o]
jop
(@]
i
<
L.\
_/
]

[oN
i

[ Ear/ [Ebhg <1-v2>]
tp ™ Io:‘rEdC/ [ooho=<1-v>]
mp= a[laTEdL/ [cohg <1—v>]

Final Equations

Budiansky and Radkowski (ref. 3) have shown that, for

?

(32)

(33a)

(33b)

(33c)

(34a)

(34Db)

(34c)

(34d)

the linear shell problem, the set of uncoupled field equations can
be reduced to four second order differential equations in terms of
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the four unknowns u, v, w, and mg, provided the bending moment

mg is replaced by the equality
— — 2 - -

to prevent derivatives of w higher than two from appearing.
The same procedure is used here.

Three of the final four equations are derived from the
equilibrium equations (30) by applying equations (32, 33c, and
35) with the membrane and bending strains expressed in terms
of the displacements according to equations (27-29). The
fourth equation is the meridional bending moment-curvature
relationship given by equation (33a), with ks and ke in terms

of the displacements. A convenient representation of these four
equations is the matrix form

Ez'"+F2z2'+Gz=e¢e (36)

where

N
|
g5g<¢c

and E, F, G, and e are matrices defined in Appendix C. The
elements of E, F, and G are identical with those given in
reference 3, but the e matrix contains both the load terms of
the linear theory and all of the nonlinear terms.

Boundary Expressions

The one set of boundary conditions that applies to every
value of n is obtained by substituting the appropriate Fourier
series into equations (13, 15, and 16), giving

23



a
¢ ht o
oos 5 U
A e}
o ht
o o sé ag
oy f e E _
Q 050t + A o =4 (37)
(o] ag
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2L o -2
Eo S Eo
o h
00 .
a s
o ——

where
2N — 2 -\\ /
tsg = tsg + A <3we - Wy Mg /2 + \ﬂs + ?79>/2
(38)
A _ ™ . -~ ~
fs = A? l_ms Ty Qms - Mg )t anmgg /p ] —@ss * "es>

By incorporating the dimensional constants with Q and A,
equation (37) can be expressed in the nondimensional form

Qv+Az=1 (39)
where
..t _
s
N
tsG
Y= )
fs
Ps

In order to complete the formulation of the boundary
conditions, the boundary variables y must be expressed in terms
of the unknowns z. Accordingly, it follows from equations (27-29,

32, 33c, 35, and 38) that

y=Hz'+Jz+1{ (40)
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where H, J and f are matrices defined in Appendix C. Matrices H and
J are identical with those given in reference 3, but f contains the
nonlinear terms. Finally, substituting equation (40) into equation (39)
gives

QHz'+(A+QJ)z=4-Qf (41)
SOLUTION OF EQUATIONS

Finite Difference Formulation

Let the shell meridian be divided into K - 1 equal increments,
and denote the end of each increment or station by the index i. Thus,
1 =1 corresponds to the initial edge of the shell and i = K corresponds
to the final edge. Two fictitious stations off each end of the shell,
i=0andi =K+ 1, are introduced.

Let the first and second differentials of z at station i be
approximated by

zy = (zH_1 - zi_1>/2 A (42a)

11— - 2
z;' _<zi+l 2z, + Zi—l) /b (42b)

where A 1is the nondimensional distance between stations. Substituting
equations (42a and 42b) into equation (36) leads to

Aj 2y *By2+Ciz =9 (43)
where

Ai=2Ei/A +F,

Bi=—4Ei/A+2AGi

Ci=2Ei/A - |,

gi=2A e

andi=1, 2. . . Kto insure equilibrium over the total length of the

. shell,
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At the boundaries equation (41) must hold. Thus, substituting
equation (42a) into equation (41) leads to

( — o ) a
o {Hl (2,2, )/28+7 2 + fl} th oz =g (44a)
Qg {HK <2K+l Zg- 1>/2 A+ Jpze+ iy }"' M 2 = 2k (44b)

Gauss Elimination

Equations (43, 44a, and 44b) constitute a set of algebraic
equations. These equations can be expressed in the matrix form
illustrated in figure 4 for the typical case where n = N. There is one
of these matrix equations for every,value of n considered. Each
matrix equation is solved for the z}" independently from all the others
by a form of Gaussian elimination. Setting i = 1 in equation (43) and
solving for Z gives*

z =C Y4y -Az -Bz} (45)
0o 1 1 1 2 11

Substituting equation (45) into equation (44a) and solving for z,
gilves

H N H
= 1 ~"lp o, J‘l { i1 1y 0
z1 |:Q1{2Acl B1 Il}+A1 oA (1+C A1/zz
H o 1
+ + -0 6
2+ Q 2Ac g -0f; (46)

Next, a general recursion relation for z in terms of Z;np can be
given in the form

Zp= Pzt (47)
where i =1, 2 . . . K. Therefore, according to equation (46)

*Equation (43) is used to obtain z rather than equation (44a) because
there is a possibility that Ql =0,
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H H 1 N
_ -1 _ N
P1=[Q1{2—£chll B1+Il}+A1] inﬁQ.‘_Cl A1)}
(48a)

and
w-lo {Bors oo ] (ralm e -]} we

Substituting equation (47) into equation (43) gives the recursion

expressions for Pi and X,

- -t (492)
Pi—[Bi—CiPi_l:l A a

and

: -1
Xy = [Bi - CiPi—lj {o,- o} (49b)
Starting with equations (48a and 48b), P, and x, can be calculated

from equations (49a and 49b) fori = 2. . .K.

At station i =K -1 and i = K equation (47) becomes

Zg-1 = " Fx1 2k ¥kl (50a)

=-P,z (50b)

Zyg K 2K+ T %K

Substituting equations (50a and 50b) into equation (44b) and solving
for Zys gives

2gan = | 0 %Isg (-py P )= (T * A )Py :‘_l {4

H
O 'z'lz_ <’ Pp.1 *¢ x1<—1> - CQ'K x * AK>XK - O fK} (51)
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With 2oy given by equation (51), a backward sweep using equation (47)
provideés ]the solution for z, for 1 < i < K. The solution for the unknowns
at i=0 is given by equation (45).

This particular method for solving equation (36) is an efficient
one to use in a load history and an iteration procedure when only the
load matrix g changes since only X needs to be recalculated.

Singular Points

The equations (48a and 48b) for Py and x; and equation (51)
for ZK+1 are applicable when the shell has edges. If the shell has
a pole,” p=0, and special "boundary"” conditions are required. These
conditions are derived and the associated matrices P; and x; and the

solution for zK are formulated in Appendix D.
Load-deflection History

The basic procedure for determining the load-deflection
history of a shell subjected to a given design load is as follows:

1) A solution to equation (36) is obtained for a specified
increment of each Fourler coefficient of the design load.
All pseudo loads are taken as zero.

2) This solution is used to calculate the 8's and 1's, and
a new value of the load vector g is obtained for each n.
New values of n may be introduced by the nonlinear
terms.

3) A solution to equation (36) is obtained for the new value
of g for each n, and is compared with the previous solution.

4) If the difference between the two solutions is larger than
a specified percentage then step #2 is repeated. However,
if the number of iterations has exceeded a specified
maximum, the total load is reduced by one increment, the
increment is reduced by a factor of 5, and this new
increment is added to the load. If a specified number of
load reductions have been made, snap buckling is assumed
to be imminent and the program ends.

5) If the solutions have converged, another load increment is
added provided the number of load steps is less than a
specified maximum. An estimate of the solution for this
new load is made by linear extrapolation, and step #2
is repeated.
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EXAMPLES

Circular Cylinder

A linear solution has been obtained from the computer program
for the case of a uniform circular cylinder of constant thickness hO

and subjected to the end moments

M, = 1072 [E ho/ <1—V2>] cos nb
with
U=V=W=0

at both edges. The radius to thickness ratio was taken as 50 and
the length to radius ratio was 1. Poisson's ratio was .3. Twenty
stations along the meridian were used. Budiansky and Radkowski
(ref. 3) solved the same problem using 300 intervals over the length
of the cylinder. Their results for W and Ms forn =0 and 2 are

presented in figures 5-8 for comparison with those from this program.

Asymmetrically Loaded Spherical Cap

In order to check the validity of the nonlinear solution for
asymmetrically loaded shells, the problem of a clamped spherical
cap subjected to a uniform pressure over one-half of the shell surface
is studied. This problem was first considered by Famili and Archer
(ref. 1) using the nonlinear theory of Vlasov* and the method of
finite differences for solution. They analyzed a cap with the property

{ [12 <1‘V2>]1/2A2/Rsh}1/2 6

where A 1s the maximum value of r. In the case executed using the
analysis presented here, the meridian length S = 105 in, the radius of
curvature R = 1000 in, the thickness h =1 in, and Poisson's ratio v =.3.

A uniform load g =~30 psi, was applied over the portion 8= - 90° to 6=
90~. In Famili and Archer's (ref.l) analysis, 7 stations along the
meridian and 6 meridians were used.

Famill and Archer's (ref. 1) results for the load~deflection history
of a station located near the apex of the shell are given in

* Refer to Appendix A for a comparison of Vlasov's theory with that of
Sanders.
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Figure 5. Deflection vs. Length for a Cylinder with U=sV=W=0 and
(1- vz)MS/EhZ =102 at Both Ends

Reference 3, 300 points
o This program, 20 points
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figure 9 where P = q/qcr and q_ =4 Ehg/@s \l 12(1 -u3)>, the

classical buckling load of a uniformally loaded sphere. The quantity

(W1 1) is the normal displacement at station 1 on meridian 1. Station 1

is one-half of an increment length away from the apex, and it is
assumed that meridian 1 is centered under the load. Similar results

for the normal displacements at the apex of the shell and 1/3 the way
down the meridian centered under the load from the analysis presented
here are also given in figure 9. In order to provide a network with
approximately the same degree of coarseness as that used in reference 1,
a total of 4 circumferential modes, n= 0, 1, 2, and 3 were allowed with
nonzero Fourler components of the applied load inthen= 0, 1 and 3
modes. Seven stations down the meridian were used. Figure 10 shows
the normal displacement at each station along the 8= (0° - 180°
meridian, and figure 11 presents, for each value of n, the normal
displacement at the 1/3 point on the meridian centered under the load.
The time of execution for this problem was less than .04 hours on an
IBM 7094.

Famill and Archer (ref. 1) obtained a buckling load P ~ .71,
while the buckling load from this program was P ~ .66. This is a
good agreement considering the coarseness of the network and the
fundamental differences in the theory and method of solution.

CONCLUSIONS

A digital computer program for predicting snap buckling of
asymmetrically loaded shells of revolution has been written in the
FORTRAN IV language for operation on the IBSYS-IBJOB operating system
(version 13). An example problem of a clamped shallow spherical shell
uniformly loaded over one-half of its surface was executed and the
results were compared with a previous solution (ref. 1). Good agreement
between the two solutions was observed., Consequently, the program
appears to be operating correctly.

The execution time is not unduly excessive; a problem using
the full capabilities of the program may take approximately .25 hours.
However, the program is limited to 20 stations along the meridian and
10 circumferential modes. Consequently, only smooth shells can be
adequately handled. The maximum number of stations and modes is
determined by the size of core. Thus, when larger cores become
available the program can easily be modified to increase the maximum
number of stations and modes.

35



\Nl B (ref. 1)

-

station 1

/

staf

ion 3 (6=0°)

/)

P

Figure 9.

W
h

36

Load-deflection Curve for Half Loaded Shell

%,L,




Station

2
0
o,
6 4 3 2 1
P =.182
P=.585
P=.6pB5
Figure 10, Deflection Profiles Along the 0 - 180° Meridian for

Half Loaded Shell.
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Figure 11. Normal Displacement for Each Value of n at

Station 3 of Meridian Centered Under Load.
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APPENDIX A
SANDERS' NONLINEAR EQUATIONS FOR THE GENERAL SHELL

Sanders (ref. 2) has derived a set of nonlinear equations for
the general thin elastic shell based upon the assumption of small
strains and moderately small rotations of the reference surface. His
equations in conventional notation with lines of curvature for coordinates
are reproduced here for the purpose of reference.

The strain-displacement relations are

€ =<ozoz>_1[au tae u+too R'w+l/2a o ¢
11 1l =2 2 1.1 1,2 2 1 2 1 1 2 1

+1/2a a wz*] (A-1)
1 2

€ =1/2<aa>_1[au + o u - o u - u
12 1 2 2 2:1 1 1.2 1,2 1 21 2

+ -—
a1 az (pl ¢2] (A-2)
and
= -1
xn <a1 az> [‘.XB (p1,1 +a1,z<pa] (A-3)
.= 1 + - -
x13 1/2<a1 a2> [aztpsll al qDllB al:z(pl aalltpz
+ “1_pT2 *] -
al az<z R1 >¢ (A-4)

where E‘yﬁ and x?’ﬁ‘ (v=1, 2, g =1, 2) are the reference surface
membrane and bending strains respectively, u‘y are the displacements

tangent to the reference surface, w is the displacement normal to that
surface, R are the radii of curvature, ay are the Lamé coefficients,

and a comma denotes partial differentiation with respect to the non-
dimensional coordinates ¢ or &'2 as the subscript following
1
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APPENDIX A

the comma indicates. The rotations (p'y and ¢ are given by

© =-a*w +R*Puy ¥ (A-5)
1 1 1 1 1

1/2<a1 a2>_1 [ <a2 u2> 11 B <a1 ul)IQJ (A—6)

Here, as in the following, the missing equations may be obtained
by interchanging the subscripts | and 2 and changing the sign of ¢.

1

©

The equations expressing equilibrium of forces and moments

in directions parallel to the tangents and normal of the undeformed
shell are

, N _
(ozN ) +<ozN > + o N -« N +aq a RITQ **
2 11 +1 1 12,2 1,2 12 2:1 22 1 2 1 1

~

+ ('1_ 10 -I* - ! N
172 al[\Rl R /Mla- al aaRl <(‘D1 11

2 ]

+¢ N >**—1/2a [¢p<N + N >]* +a a p. =0 (A-7)
2 13 1 11 22 3 1 23 1

~ \ —_ -
<az Ql ) A <0£1 Qz /.2 a1 o, <R1 N11 Rz Nza <az ®, N11
N _
+ - + o+ =0
o, % N12>,1 <a1<p1N19 @, e, NBQ/,z a1 o,P (A-8)
<ocM ) +(aeM ) +a M -o M _-a o Q=0 (A9
2 117,17 N1 o12/,2 1,2 13 2,1 =23 1 02 1

where Q'y are the transverse shear forces, p. are the tangential

components of the applied pressure load, p is the normal component
of the pressure load, and N'yﬁ and M'yB are the membrane forces
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APPENDIX A

and bending moments respectively. The conditions to be prescribed

on an edge £ = constant are
1

N
11

+ 1_R? ** 4 + Ve *
N12 l/2<3R_2 R1 >M12 1/2 <N11 N22/<p

+a M - N -¢ N
Ql aa 18, 2 <p1 11 (pa 12

M
11

or

or

or

or

? (A-10)

©

1l o

When the rotations around the normal are neglected, the terms marked
by the single asterisk drop out. The Donnell-Mushtari-Vlasov non-
linear theory can be obtained by dropping out those terms marked

with a single or a double asterisk.
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APPENDIX B

NONLINEAR TERMS

Consider the strain-displacement relation for € given by
the first of equations (5). Applying the appropriate Fourier
expansions to es leads to

SN S )Y T ()
Zoesn cos nf ?:o@ n>cos no +ws Z‘:o w" cos né

+cro {( i (ps(n) cos n9>2+<§. ¢ (n) sin n6>2 } (B-1)
—= n=1

The prime indicates differentiation with respect to the
nondimensional coordinate £ = s/a . The first two

series on the right hand side of equation (B-1) can be immediately
incorporated into the series on the left hand side, but the nonlinear
terms must first be converted to single cosine series expansions
before they can be included.

Consider the first nonlinear term in equation (B-1)

<; <ps(n cos n9> ; 20 1) cos i@cos jb (B-2)
n=0

The product of the two cosines can be expressed as

cos i8 cos j6 =[cos<i-j :) 6 + cos <i+j> 6 ] /2

and so equation (B-2) becomes

<2:=0 <p( ) cos r16>21 =[ J};o ZO qu(l) <ps(j) cos (_ i-] > 6
Jiofj 00 o0 cos ()2 -3)
=0 1=
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APPENDIX B
If the index j is replaced in the first double series with i - n,

where -~® < n< i, and withn - i, wherei < n < + ®, in the
second double series, equation (B-3) can be given in the form

Glon conno ) <[T T o) of conns

== J=(
+§ }_ <p(si) ‘pii-n) cos n6 +§ E qp'g') (pgn-i) cos ne:l /2 (B-4)
n=0 i{=0 n=i i=0

Combining the last two double series expansions in equation (B-4)
into one double series, and noting that cos (-nB)= cos nB, leads to

@

™ ° SN (i) _(i+n)
<rz=0<‘oSn o8 n6> —[n>=‘1 2:0‘051 QDSI " cos nb
+Z ; ‘Ps(i) <Ps’i_n’ i cos ne:l/z (B-5)
n=071=0

where ”c =1 for i # n and uc =2 fori =n, Finally, combining both

d;)pl.%le series expansions in equation (B-5) to a single double series
yields

S > 53w
© " cosnf )= — S BY" cos né (B-6)
<I§1‘=0 S > OO 151_‘=O S
where
m_% T .0 c () c Ji- _
ﬁs B ZEO iio“’s \"7 (ps +u ¢s > (B-7)

c
and - =0 forn =0 andnc= 1 forn =0.

It can be shown in a similar manner that the second nonlinear
term in equation (B-1) reduces to

<§ (An) sin n@ >2= :—O§ B(n) cos né (B-8)
n=0

n=1 on=
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where
o @
n o U i s (itn i—n>
g -2 o (7 ) REE
0 i=1
and
S S
g =1lwheniz=2n+l n =0when n=0
s _ s
U =0wheni=n n" =1 whenn >0

”s =1wheni<n-1
Therefore, equation (B-1) can now be put into the form

=0
Hence,
e ®) - i w4 (5 4 5™ /2

Finally, the two remaining nonlinear terms in the strain-

displacement equations @g and tbs 4’9 reduce to

G (] )= (3T

=1
% %=<‘:£>2 Ci’ qos(n) cos n6>(§ w(en) sin n6>
o) n=0 n=1
=<'g—o‘> il ng sin n@
o” n=

(n)
6

Sl\/,ls

5[\,/l8

=0

(n)

where B, is of the same form as 8
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(n) _,Sp_ ¥ (i (i+n) sc_|i-n|
Beo =7, ) oa (P *uT 0™ ) (3-19
with
psc=—lwhen12n+l

SC

7} 0 wheni=n

Il

psc=lwhenisn-1

( ) Form__, equation (B-7) applies when ¢ (1) is replaced with
. Slmilariy, equation (B-9) applies for n ®and equation (B-13)
applies forn , n,. N, @and n_, when the apSropriate rotation is
replaced with the appropriate fgrce.

For a given value of n, equations (B-7, B-9, and B-13) define
all the sets of Fourier indices that combine through the product of
two series to give n., Thus, when the ¢'s and t's are known for
all values of n, the B's and 7's can be calculated for each n using
these three equations. However, because of the possibility that
the ¢'s and t's will be zero for many values of i, a more efficient
procedure for calculating the B's and 7's is actually used. This

procedure is carried out in the computer program subroutines MODES,
PHIBET and TEAETA. For a discussion and flow chart of these
subroutines see Appendix E, and Appendix G.
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APPENDIX C
MATRIX EXPRESSIONS

The expressions for the elements in the E, F and G matrices

2 _ 2
22 2 8

A*d(1-v) (‘3‘”6 - ws) n

By = 7P

Esp = Ey3

Eyq = A2d(1 -v)[(an/p2>+ (1 +v)72]
Byy =X

gy =-d

F =yb + D'

11

Fl, =£1+2170)bn kdn(l—v) <a, _w><3w -ws>

3 = b(ws +v w9>+ Xd(1 - v) [(l + V)'}’zws
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Fyq= -A2d( - v)((l +v) <2yws w
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+(n*/2p* ) (30, - wp ) |

2w
S

- Fla
_/l_V t _&dil;l}) [} \ \\ '
=73 >(7b +b') 3 <3“‘6 -y )| 2wy

<7 (s - 3wg) |+ XEEE g - 0, )

Ry -y ey o) )

Xda'(l-v) <3w9 - “’s)“

+ 7P

A% d(l - v)n .
= oD v [Syws - ywg(5+ 2 - WSJ

A°d'0-vn(,.
+ 2p 3«e ws)

6 +73>

+<2‘yn2/p2>] + A%d'(1 - v) [ (1+v)y®+ <2n3/P2>]
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— )2 - -
P34—A v (2-v) (C-18)
F4l =d w, (C-19)

-2
Fgg =-dvy ©-20)

= ‘n) o _ 2 _ 1 -Vbnz
Gll vb'y -vb W, W by (—2—5;—
<3w —we) n? —]

X2d(l - ) ['(1 + 1) y? Wl + (G-21)

) - w
g =2 (3 =¥ ) (ybn) - Azd(lp— v)yn [<3‘”s Wg 8<3“’9 @, )

+ (1+v) wswe] (C-22)

Gy = by + v (ug - ap) [ o (o +v )

_ Azd(lp—zu)ynz [30-‘8 ; Wg . (1+v)wS] (C-23)
G4=Az(1-v)'yws C-24)
Gy = - B2 (3 -w) - ekt 1Al [y wg

+—§'Q§ w wg =7 w3 -3 w26> - &)—IZ— <5we - 3ws>:|
_ AR (1 —v)n <3w _ “’e><3 wg- > (G-25)
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G -vF
22 22
_1__11 bns 2 [- (1+U)w6 n2

_2(1+an <3w —w><7 +ww>]

A‘?d'n(l -V)y <3w - w >

G 4=—<v)\2w9n/p>

Gq =-b-y<we +uws>+A2d(1 - V) [’y (1+p) (-'yw's

tYiw - (nzws/pa> + 2w32w6> + @2/2p2> (’yws

-7 Wy - 3w's>] - A%d'Q —u)[(l +u)72ws

£ @28) G, v ) ]

G (w tVw ) ) A"d(l -V)n )
32 ———z—p—— [2(1+v) <‘°s“’6
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2 2 n®w 3 A
—‘yws+27 “’e‘?— +7ws+3'7 <w6-ws/

2 n -9
+‘°s wg (3“’6 —ws>:| _Zt_dizl_plm ‘:2(1+v)'ywe

2ot - 0,) ] o-an

_ 2 A2d(l - v)n®
G33 = - b<w§ + 2uwsw6 +we> +'—(Ez—-)'— l:(l +v)<wsw9

n® A%d' (1 -y)n®
- B‘z‘ +272> +26/2+wswe>]- % (3 +v)y C-31)

Gag= - X [ -vhwgwg {un®/p?) ] c-32)
Gy = d(e +vyw ) (c-33)
Gy, = dvn we/p C-34)
G,q = dvn®/p? (C-35)
Gyp=-1 (C-36)

All other elements are zero.

The expressions for the elements in the e column matrix are:

e =- ps+t:I.—)\2 (1 -V)')fwsmT— {b (B'S+B')

50




APPENDIX C

+ ib‘ +49Db(l -v) ](ﬁs + f3> + yb<,3'e+ ,3'>

+[vpr - yp0-0) [(Be+ B)+(/p)b 1 -1Bq

IR, BRTCRENIAY: -
ey = - by~ /Pty - A1 - v)(n/) wy my+ {n/p) b (g + 8)

+v bln/p) (B, + B) - (1- V)bRg- (1 -v) (b + 2¥D) B,

+ 20y (Mg g ) - (M + 15 ) } /2 (G-38)

ey =-p-(w,+wy )ty - 22U -V)y mp+ 220 -0) [wowg
9 g+ (o Co v i) 8y )
+(grvu )8l +2 [7 (s 1)

s (g vy ) ]+ 2w/ (gt mgg)}/2 (c-39)

(C-40)
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The expressions for the elements of the H and J matrices are:

Hy =b C -41)
H,, = b(1 Ev) + Agdgl - V)<3w6— ws>2 (G-42)
Hys = Aid(lz;pvm (3wg- @) (C-43)
Hyp = Hps (C-44)
Hyg = A%d(1 -v) [2 (—%)3 + (1 +v) yg] (C-45)
Hyy = A° (C-48)
Hyg =-1 (C-47)
Iy =vrb (C-48)
T = ng (C-49)
By =b (wg +ve,) (C-50)

_ b(l-v) A1 -y : »
Jop =- sz *-d gp ©° @ws - w9><3w6- ""s) (G50
Jaa =~ 7 Hy, (C-52)

Jgz = -7 Hyg (C-53)
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T3y ==X -0) [ R+ 5 (e - wy) | (054
T3 =—)‘:ﬁélp'—”2-7n {}»we-ws+2(l+v)we] (C-55)
T =-Ad(1-v) (3+1) X% (C-56)
T3 = A(1-v)y (C-57)
Iy = W (C-58)

All other elements are zero,

The expressions for the elements in the f column matrix are:

£ ='-tT+b[,SS+vﬁe+(1+v),3]/2 (C-59)
f, = [p(1-vBg+n_+ 179]/2 (C-60)
fa = Ayl —v)mT—<ﬂss+ "es> (C-61)
fg = 0 (C-62)
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POLES

At a pole p= 0 when i =1 or i=K and consequently special
conditions on u, v, w and m must be imposed to assure finite strains
and equilibrium. Several segs of pole conditions have been proposed
for the linear shell theory in reference 3. In this section the condi-
tions associated with the nonlinear theory are derived, and the
associated matrices are formulated. For an initial pole

z =~-P z +x
1 1 2 1

where P; and x; are determined from the pole conditions. For a
final pole

k-1~ "Fg-1 P P ¥k (b-1)
BK zK + CK zZp_ 1 = 9% (D-2)
where P and Xy are evaluated using equations (49a and 49b)

and B Kcl and g are determined from the pole conditions.

K

Solving equations (D-1 and D-2) for zK gives
_ -1
ZK_[BK K Kl_l {g K'K—l} (D-3)

and Zy_ 1t Zgogt +-.-Can be found from equation (47).

Assuming a smooth reference surface over the pole

p' =1 (D-4)

p'' =0 (D-5)

wy = W (D-6)
S

when p = 0. Substituting equations (D-4,D-5, and D-6) and p = 0 into
equations (27, 28, and 29) and applying L'Hopital's rule result

in
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<

es=u‘+wsw+@s+3)/2 (D-7)
] L} \

eg=nv + 4 +wew+<ﬁe+ﬁ//2 (D-8)
€sg "~ <— nu' + ’336> /2 (D-9)
kg =0, (D~10)
k'G =n (p'e + (p's (D-1))
kse=—n<p's /2 (D-12)
o =" w' + W u (D-13)
Pg=nw + wg v (D-14)
o = <2 v+ nu') /2 (D-15)

provided that
nvtu=nu+v=nw=0 (D-16)
ngoe+<ps=n<ps+<p6=0 (D-17)

Equations (D-16 and D-17) assure finite values for the strains,
curvatures and slopes at the pole. According to equations (D-16
and D-17)

us=v=9p,=¢ =0 forn=0 (D-18)
utv=geoteo =w=0 forn =1 (D-19)
Usv=gg=¢p =w=0 forns1 (D-20)

Applying equation (D-17) to equations (D-13 and D-14) and taking
account of equation (D-16) gives the additional condition

w' =0 forn#1 (D-21)
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so that the slopes simplify to
P =W + ws u
Pg= W +wsv=—qos forn=1
o =(2v' +u")/2

and

Ps=0g=0
¢ =(2v' +nu")/2

forn?fl

Consequently, it can easily be shown using results from Appendix B
that

Bs=ﬁe=ﬁse=0 forn+0, 2 (D-22)
and
B =<— W't u>3/z forn=0, 2 (D-23)
Bg =<w'+ W v>2/2 forn=0 (D-24)
Bg=- (w‘+ W, v>2/2 for n = 2 (D-25)
3se=<-w'+ws u><W' W v>/2 forn =2 (D-26)

where w', u and v are the solution corresponding ton = 1.

Additional conditions to impose at the pole arise from
consideration of equilibrium. Substituting the appropriate Fourier
expansions into equations (9a and 9b) and applying the geometric

conditions at a pole lead to

ms+nmse—me=0 (D-27)

-n me+2mse=0 (D-28)
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Substituting equations (33a, 33b, 33c, and D-10, D-11, D-12) into

equations (D-27 and D-28) and simplifying gives*

Goy +ne) =0

n (2o +ngp) =0

Solving equations (D-29 and D-30) simultaneously give the
conditions

(p's=go'9=0 forn #0,2
(p's = - cp'e forn=2
and consequently,

ms=me=0 forn#0,2

Further, from equations (29)
LI 1 1
g woF W u' W, u
I T 2 + LENCRRPRY |
Py n(rw r w>/r we V' twy v
When r = 0, equation (D-35) reduces to

- 1t 1 1
Pp=nw /2+wsv twpv

after repeated application of L'Hopital's rule. Eliminating w''

from equations (D-34 and D-36) gives
Pgtne, /2= ws@' +n u'/2>+ WV 0w, u/2
However, from the Codazzi relationship, equation (3),

w'9=w's /2

*The assumption is made that mp = 0 at the pole forn = 0.
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at a pole. Consequently, equation (D-37) simplifies to
oy 0y /2=, (o 40 u/2)
sincev + nu =0 foralln. Applying equation (D-31) gives
vi+nu /2=0 forn #0, 2
so that
©=0 for n # 2 (D-38)

according to equation (D-15). Additionally, substituting equations
(D-34 and D-36) into equations (D-31 and D-32) results in

vit+tu =¢p=0 forn=2 (D-39)
sinceu = v=0 whenn=2. Therefore, the nonlinear terms

ﬁ=ns=‘n6=0 fornz0 (D-40)

and consequently, the first two of equations (30) reduce to

ts+ntse—te=0 (D-41)

-nt +2t89=0 (D-42)

8

at the pole. Substituting equations (32 and D-7, D-8, D-9) with
n =1 into equations (D~41 and D-42) leads to*

u' =v' = forn=1

Finally, on the basis of symmetry

m' =0 forn=0, 2

Sufficient conditions have now been developed to determine

the matrices P and Xx. . Summarizing the results:
1 1

1) forn=0

*The assumption is made that ty = 0 at the pole for n> 0.
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and

ts=b(1+u) u'+wsw+ﬁs/2>-—tT

and

and

4) forn > 2

u=v=w=m_ =0
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and

ts - t9= tse= m6= Mse

where Bs is given by equation (D~23).

=0

Based on these pole conditions and the approximation for the
first derivative at an initial pole*

% =G, 20/

it can be stated that

x = forn=0
1
and
forn=0 _forn=1
FOOOOT -1 000
P = 0000 P = 1 000
1 00-10 i 0000
000-1y¢ , 0000
L - - -
forn =2 _forn>2_
0000] 0000
P = 0000O0 P = 0000
i 0000 1 0000
00O0-11, LOOOO
At a final pole the approximation¥*
- _
Zg <ZK ZK-1>/A
is assumed so that
gK-O forn=0
and that forn = 0
1000 0000
B. = 0100 =] 0000
K 0010 Sk 0 0-10
0001 0 0 0-1

*Note that this finite difference approximation to the first derivative

at a pole has an error 0 (A) whereas the finite difference approximations
to the first and second differential equations (36) have an error 0 (4%).
The effect of this inconsistency upon the solution is small.
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PROGRAM WRITE-UP

The computer program has been written in FORTRAN IV language
for operation in the IBSYS-IBJOB operating system (version 13). The
physical model is limited to twenty equally spaced meridian stations
and ten arbitrary Fourier terms. The alternate input-output feature of
the IBJOB monitor (ALTIO) is required in order to conserve core space.
When completely loaded the program fills all but four hundred words
of the thirty-two thousand word memory of the IBM 7094. No pro-
gramming is necessary if the user reads in data for the shell geometry,
the inplane and bending stiffnesses, and the loading at each meridian
station. However, the program does provide the user the option of
programming an analytical model with minimum effort, if so desired.

During execution the program solves a set of nondimensional
linearized equations for each Fourler coefficient of the actual load,
plus an estimated pseudo load from the nonlinear terms, using a
finite difference formulation with a Gaussian elimination procedure.
The nonlinear terms are recalculated using the new solution and
entered into the equations as revised pseudo loads. All sets of
linearized equations are solved again. This procedure is repeated
until convergence is achieved. A load-deformation history is
automatically determined using a variable incremental load step to
assure reasonable convergence of the iteration procedure as the load
approaches the snap through value. Although the program operates
internally on nondimensional quantities the input and output data are
in dimensional form.

The problem of a spherical cap of constant thickness, fixed at
its outer edge, and uniformly loaded over half its surface is used as
a test case to illustrate the input and output features of the program*.
For this problem v = .3, RS - R6 = 1000 in, the total meridian length

S =105 in, E, =30 x 10° 1b/in?, o, = 1000 1b/in®, B= 27.3 x 10°

Ib/in, D = 2.275 x 10° 1b-in, and g=-30 lb/in® over the segment
6= - 90° to 8= 90° so that the first three Fourler terms of the load are

o h o h o h

'cia—op(o) = - 15.0 1b/in®, 22 p(1) = _ 191 1p/1n® and ‘;Op(3) -
6.37 1b/in®. All other loads are zero. The boundary conditions at the
outer edge are U=V =W = @S = 0. The classical buckling pressure of

a uniformly loaded complete sphere with these same properties is
33.1 1b/in%

*See the section EXAMPLES for a more complete discussion of this
problem,
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Input Requirements

The card layout shown in figure 12 indicates the input data

format for all cards.

Cards numbered 1 - 48 are fixed input cards,

i.e., these cards are required with each case.

CARD NUMBER 1:

CARD NUMBER 2:

NO
MN MAX

IGEOM

ISTIF

ILOAD

IBCINL

IBCFNL

KMAX

1

The description of the case is put on this card.

Problem number.

Maximum number of Fourler terms in applied
load; limited to 10.

When the dimensional radius is defined by:
1. Input data on cards, IGEOM < 0
2. Programmed instructions*, IGEOM = 0

When the dimensional stiffnesses B and D are
defined by:

1. Input data on cards,; ISTIF < 0

2. Programmed instructions*, ISTIF > 0

When the dimensional loads are defined by:
1. Input data on cards, ILOAD < 0
2. Programmed instructions*, ILOAD = 0

‘When the shell:
1. Has an initial pole, IBCINL <0
2. Does not have an initial pole,
IBCINL =0

‘When the shell:

1. Has a final pole, IBCFNL < 0
2. Does not have a final pole, IBCFNL = 0

Maximum number of meridian stations; limited
to 20.

*See Optional Programming Requirements.
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IFREQ

NTHMAX

MAXM

LSMAX

LCHMAX

ITRMAX

CARD NUMBER
NU
SIGO

ELAST

TKN

CHAR

APPENDIX E

Output control; determines the stations to be
printed; IFREQ, 2 x IFREQ, 3 x IFREQ, ...

Output control; number of positions of printout
around the shell circumference; limited to 6.

Maximum number of Fourier terms in the
solution; limited to 10.

Maximum number of load steps; the program
transfers to the next case when the load step
equals LSMAX.

Maximum number of DELOAD reductions by a
factor of 5; the program transfers to the next
case when the number of iterations exceeds
ITRMAX and the number of previous DELOAD
reductions equals LCHMAX; recommended
value, 3.

Maximum number of iterations: recommended
value, 20-40.

Poisson's ratio.

cro,' reference stress level used to non-

dimensionalize input data for computations.

Eo; reference elastic modulus used to non-

dimensionlize input data for computations.

ho; reference thickness used to non-

dimensionalize input data for computations.

a; reference length used to nondimensionalize
input data for computations.

Total dimensional length of shell meridian.
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CARD NUMBER 4:

DELOAD -

EPS -

CARD NUMBER 5t

CARD NUMBER 6
through -
CARD NUMBER 14

CARD NUMBER 15
through -
CARD NUMBER 23

CARD NUMBER 24
through -
CARD NUMBER 26

*Provision has been made to bypass comparison of solution
components whose nondimensional value is less than 1 x 10

APPENDIX E

Incremental load factor; after each solution is
obtained the applied load and the boundary matrix

4 are increased by the amount DELOAD x input
value; recommended value, .2.

Convergence criterion; convergence occurs when
the difference between the solutions for two con-
secutive iterations is smaller than EPS times the
latest solution*; recommended value, .01,

The list of angles, in radians, NTHMAX values,
where a printout of the summation of the Fourler
terms of the solution is desired; this card is
blank if NTHMAX is zero.

These cards specify the initial boundary conditions:
cards 6, 7, 8, and 9 specify the elements of the

£} matrix; cards 10, 11, 12, and 13 specify the
elements of the A matrix; card 14 specifies the
elements of the £ column matrix; see equation

(16) for the definition of &, X, and £; these
cards are blank if the shell has an initial pole.

These cards specify the final boundary conditions;
cards 15, 16, 17, and 18 specify the elements of
the ) matrix; cards 19, 20, 21, and 22 specify
the elements of the N matrix; card 23 specifies
the elements of the £ column matrix; see
equation (16) for the definition of &, A, and £;
these cards are blank if the shell has a final pole.

These cards specify the dimensional radius r
for each station; all three cards must always
be used even if KMAX < 15; these cards are
blank if r is to be input analytically*¥*,

-6

**See Optional Programming Requirements.
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CARD NUMBER 27
. through -
CARD NUMBER 29

CARD NUMBER 30
through -
CARD NUMBER 32

CARD NUMBER 33
through -
CARD NUMBER 48

CARD NUMBER 49
through -

CARD NUMBER 64

CARD NUMBER 65
through -

CARD NUMBER 80,
etc.

APPENDIX E

These cards specify the dimensional inplane stiff-
ness B for each station; see equation (1la) for
the definition of B; all three cards are blank if B
is to be input analytically*.

These cards specify the dimensional bending stiff-
ness D for each station; see equation (11b) for
the definition of D; all three cards must be used
even if KMAX < 15; these cards are blank if D lis
to be input analytically*.

These 16 cards specify one Fourier index and the
Fourier coefficients of the dimensional loads
assoclated with that index; card number 33
specifies one Fourier index N; card numbers 34,

35, and 36 specify cohop(N)/a for each meridional
station; card numbers 37, 38, and 39 specify
aohopéN)/ a for each meridional station; card
numbers 40, 41, and 42 specify cohopéN)/a for
each meridional station; card numbers 43, 44,
and 45 specify a'oho (1 —v)t.%N) for each meridional
station; card numbers 46, 47, and 48 specify
oohg(l -1) méN)/a for each meridional station; see
SN

pg\r) and equations (24 and 34) for the definition
(N) (N)
T t °

equations (23) for the definition of p , and

and m

An additional corresponding set of 16 cards must
be prepared for each value of the Fourler index n
being considered; thus, there will be a total of
16 x MNMAX load cards; all 16 x MNMAX cards
will be blank if the loads are to be specified by
programming instructions*.

*See Optional Programming Requirements.
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Important Notes: 1. The alternate input-output features of the IBJOB
monitor (ALTIO) is required.

2. Because of the method used in
referencing data in COMMON, the program must
be compiled in the order listed in Appendix F.

Optional Programming Requirements

Subroutines GEOM, STIF and PTLOAD, i.e., decks 2, 3 and 4,
are used to set up the initial conditions for the shell geometry stiffness
and applied loads. The initial data can either be computed or read into
the program with arrays of numbers. Each of these subroutines contains
a fixed point argument. The arguments are IGEOM, ISTIF and ILOAD
respectively. In each case, a negative value indicates the input data
read in on cards will be used and a non-negative value indicates initial
values are to be computed from an analytical model.

In subroutine GEOM, FORTRAN statements for the quantities r, —;r—,
I/RB’ l/RS, and (l/Rs)' must be provided if IGEOM is non-negative. In

order to program an analytical shell the following list shows the
correspondence between the FORTRAN variables and the problem variables:

R(K) - r
GAM(K) - '/r
OMT ) - /R,
OMXI (K) - 1 /RS
DEOMXI (K) - (/R)

The subscript K ranges from 1 to KMAX, the maximum number of
meridian stations. Figure 13 shows an example of a sequence of
Instructions contained in subroutine GEOM for computing the initial data
for the spherical cap test case. Note that the first FORTRAN statement
1s numbered 50 and that the transfer statement is GO TO 1000. This
must always be so.

Subroutine STIFF uses the indicator ISTIF. If ISTIF is non-negative,
the following dimensional variables are to be initlalized in the
computational loop for K= 1, KMAX:

B(K) - membrane stiffness B
DB(K) - derivative of membrane stiffness, B'
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IF (IGEOM) 500, 50, SO

DO 10 K = 2, KMAX

RK = K

THET = (RK - 1.0)*DEL/1000.
R(K) = SIN(THET)*1000.
GAM(K) = COS (THET) / R(K)
OMT(K) = 1.0/1000.
OMXI(K) =1.0/1000.
DEOMXI(K) = 0.0

R(1) = 0.0

GAM(1) = 0.0

OMT(1) = 1.0/1000.
OMXI(1) =1.0/1000.
DEOMX(1) = 0.0

GO TO 1000

>

-’

Inserted FORTRAN
Statements for
Analytical Model

RADIUS values for each meridian station have been read in.
Compute GAM(K), OMT(K), OMXI(K), and DEOMXI(K) using
finite difference formulae for each meridian station.

WRITE (6,102)

Statement 1000 and the following write out the initial data

describing the shell geometry.
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D(K) bending stiffness, D

DD(K) - derivative of bending stiffness, D'

The first FORTRAN statement must be statement number 50
and the computations for the analytical model must be followed by
a GO TO 1000 statement in order to print out the input data and to

return properly. The source program for the test case computes the
B, D, DB, and DD arrays.

Subroutine PTLOAD uses the indicator ILOAD. If ILOAD is
nonnegative the following dimensional variables must be initialized
in the computational loop:

N(MN) MN =1, MNMAX - array of Fourier numbers.

\
PR(K, MN) - %% )
a
oh
PTR,MN) - 20 p
a
K=1, KMAX
. o h for
PX (K, MN) - 22 pé“) ) MN =1, MNMAX
_ _ .0
TT (K, MN) G'Oho 1 -9 tT
_ 3 - (n)
MT (K, MN) o h’ (1 v)m,"/a
DTT(K, MN) -  Derivative of TT array
DMT (K, MN) -  Derivative of MT array y

The first FORTRAN statement must be numbered 50 and the computations
for the analytical model must be followed by a GO TO 1000 statement
in order to print out the input data and return properly.

The dimensional incremental length DEL, the number of meridian
stations, KMAX and length of the meridian, S are FORTRAN variables
available for computations through COMMON. These variables may be
needed in order to compute a given analytical model.
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Output Data

The computer program prints out dimensional data
corresponding to the dimensional data read into the program.
Subroutine OUTPUT converts the solution from nondimensional
computational form into the proper formated dimensional form for
output. The first output from the program consists of most of the
input data contained on cards 1 - 23. Next, the following geometric
quantities are listed as a function of the station*:

RADIUS - T
GAMMA - r'/r
OMEGA S - 1 Rs
OMEGA THETA - 1/Re
DEOMEGA S - (l/RS)'

Following this comes the inplane and bending stiffness quantities:

B - B

D - D
DB - B'
DD - D'

as a function of the station. The applied loads are listed next as a
function of station

*A prime denotes differentiation with respect to the meridional
coordinate s.
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- Fourier index, n

o h
- oop(n)

a
qoho D (n)
a S

_ %% m
a 8

- coho(l -v) té,n)

1-v mé.n) /a

(n)

3
- coho
- qoho 1-v tT

- O'Oho3(l - v)m,'r(n)/a

Finally, after each solution is obtained the following output is

listed:
LSTEP
ALOAD

ITR

- The load step

- The proportion of the input load acting on the
shell

- The number of iterations required to obtain
the solution

and at each station there is printed MODAL OUTPUT followed by

N

U

PHIS

PHITH

- Fourier index, n

a Cro u(n)

E
o]

a 0'0 v(n)

]
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PHI
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"oho ts

(n)
o,h, tg

(n)
aohotse

(n)
oOhO fS

and then THETA OUTPUT followed by

m-eug_<:c,'c>

e

"
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MTH - 1\/[e
MSTH - M
s
NS - Ns
NTH - N 9
NSTH - NS 0
Qs - Q

S

The execution for each case terminates and the program
transfers to the next case when either the load step equals LSMAX
or the number of iterations exceeds ITRMAX and the number of previous
DELOAD reductions equals LCHMAX. If the former occurs, the
statement

END PROBLEM NUMBER - LSTEP = LSMAX
is printed; if the latter occurs

END PROBLEM NUMBER - LCHANG = LCHMAX
is printed. When the number of iterations exceeds ITRMAX and the
number of previous DELOAD reductions is less than LCHMAX, the
statement

CONVERGENCE FAILURE, STEP SIZE REDUCED
is printed.

Figure 14 shows a portion of the output obtained from the
sample case.

Subroutlne Descriptions

Flow charts showing the orderly progression of the logic for
each of the subroutines are shown in Appendix G. Note that whenever
K appears in the argument of a subroutine, it refers to each meridional
station, not just the final station.
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DECK 1 - MAIN

This program controls the logical connections between the
subroutines. The case description, control parameters, physical
constants, and boundary conditions are both read and printed out in
this routine. The boundary conditions are nondimensionalized and
many of the common indices and coefficients are determined here.
The iteration procedure, the test for convergence, the load
incrementing procedure, and the calculation for the estimate of the
next solution are all carried out here. ‘

DECK 2 - Subroutine GEOM

This subroutine prepares the geometry functions of the shell,
The user may either employ cards to input the radius r or he may
prepare special instructions for the radius r, the radii of curvature
l/RS, and 1/Re, the derivative -c%s" (I/RS), and the function }1- g;
If the card input option for r is used, the other functions are
automatically calculated within the routine, All input functions are
dimensional and the print out is also in dimensional form. The non-
dimensional functions p, v, we, W, and %”f are automatically
calculated within the routine. All derivatives, including edge
derivatives, are computed using finite difference formulae with
an error O(A%®).

DECK 3 - Subroutine STIFF

This subroutine prepares the inplane and bending stiffnesses
of the shell. The user may either employ cards to input the stiffnesses

B and D or he may prepare special instructions for B, D, -g—B- and 3?

If the card input option for B and D is used, (—3-13- and glsj are

calculated automatically within the routine using finite difference
formulae with an error O(A%) for all derivatives, including edge
derivatives. All input functions are dimensional and all printout is
also in dimensional form. The nondimensional functions b, d,

db, and <& dd are automatically calculated within the routine.

aE dg
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DECK 4 - Subroutine PTLOAD

This subroutine prepares the pressure and thermal loads
applied to the shell. The user may either employ cards to input the

Fourler indices and the Fourler coefficients of the loads cohop(n)/a,

(n) (n) oy ) 301 —uy e (D)
GOhOpS /a, Gohope /a, ooho(l \))tT , and Uoho (1 v)m,r or
he may prepare special instructions for the above loads plus the

- d. .(n) 3¢ _ d _(n)

derivatives coho(l v) as tT and ooho (1-v) ds Mg - If the card
input option for the Fourler indices and load coefficients is used,
the derivatives are automatically calculated within the routine using
finite difference formulae with an error O(4%) for all derivatives,
including edge derivatives. All input functions are dimensional and
all printout is also in dimensional form. The nondimensional functions

p(n), Pgn) ' pgn) ' té.n), and m.i,n) are automatically calculated within

the routine.

DECK 5 - Subroutine ACOEFF

This subroutine prepares the set of coefficients that make up
the E, F, G and e matrices given by equation (36). The elements of
E, F, G and e, as given in Appendix C, can be expressed in terms of
polynomials of n and this subroutine computes the coefficients of
these polynomials.

DECK 6 - Subroutine PMATRX
This subroutine calls subroutines HJ, EFG, ABC, and PANDD
to set up the P matrix given by equations (48a and 49a) for each

meridian statlon. Matrices DL, DG, and DF are set up for the
calculation of X1 given by equation (48h), where

X =DLZ +DGg + DFf
1 1 1 1

The speclal P matrix for a shell with an initial pole, glven in

Appendix D, is also computed here. Matrices ZF1M, ZF2M, ZF3M,
and ZF4M are set up for the calculation of ZK+1 glven by equation (51)
where

ZK +1 = ZPlM)%K + ZFZMXK + ZFSMXK -1t ZFthfK
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If the shell has a final pole, the matrices CLO, CLl and CL2 are
prepared for the calculation of ZK glven by equation (D-3) where

ZK - CLOX‘K—I or CI.IXK_1 or CLZXK-—I

depending upon whether n = 0, 1or2.

DECK 7 - Subroutine HJ(K, MN)

This subroutine computes the elements of the H and JAY
matrices given by equation (40) for both boundaries of the shell.
The elements of H and JAY are defined in Appendix C.

DECK 8 - Subroutine EFG(K, MN)

This subroutine prepares the elements of the E, F, and G
matrices using the coefficients computed in subroutine ACOEFF for
each meridian station K and for each Fourier mode MN. The matrices
E, F, and G are given by equation (36) and the elements are defined
in Appendix C.

DECK 9 - Subroutine ABC

This subroutine computes the elements of the A, BEE, and C
matrices defined by equation (43).

DECK 10 - Subroutine PANDD (K, MN)

This subroutine computes the elements of the P, DEE, and
DST matrices for each meridian station K and Fourler mode MN. The
matrix P is given by equation (49a), and the DEE and DST matrices are
defined by

Xi = DEEg1 - DSTXI-—I

where X1 is glven by equation (49b). These matrices are computed

and saved because they do not change during either the iteration
procedure or the load increment procedure, i.e., they are a function
of the shell's initial geometry and stiffness.
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DECK 11 - Subroutine XANDZ

This subroutine computes the X vector using the P, DEE and
DST matrices and solves for the Z vector for the applied and pseudo
loads. The matrices PHIBET and TEAETA are called and the previous
solution for Z, or the estimated value of Z, is used to calculate the
nonlinear Beta and Eta terms. The matrices FFS and FLS are the values
of f at the initial and final edges of the shell as given by equation
(40) and equations (C-59 through C-62) in Appendix C. The subroutine
FORCE(K) is called to calculate the load vector g, (GEE), and the X vector
at each meridian station. Once the X vector is obtained for all
meridian stations the solution for ZK—l given by equation (51) is

obtalned, and the solution for Zi at all the other meridian stations

defined by equation (47) is obtained. The solution Z at the imaginary
station off the initial edge of the shell is obtained last. The test for
convergence of the solution is made as Z is computed. The special
conditions for computing Z at either an initial or a final pole are also
in this routine.

DECK 12 - Subroutine INLPOL

This subroutine computes, for a shell with an initial pole,
the nonlinear terms BS, Be, Bse’ Ngg ' and nGs at the pole. The

appropriate equations are derived in Appendix D.

DECK 13 - Subroutine FNLPOL

This subroutine computes, for a shell with a final pole, the

nonlinear terms Bs’ Be, Bse’ Ngs and Nas at the pole. The

appropriate equations are derived in Appendix D.

DECK 14 -~ Subroutine MODES

In MODES, arrays that define those sets of indices that combine
to equal each value of n in the problem are determined. MODES is
called prior to the first iteration and after every iteration until a specified
number of Fourier terms is reached. Each Fourier index in the problem
is subtracted from all other Fourier indices and the result is compared
with all Fourier indices to see if the new value exists in the program*.

*The same comparison is never made twice.
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If it does, the locations of the two indices that made the combination
are stored in two special two-dimensional arrays, ID and JD. One
argument of each array is the value of the new index and the other is
the number of combinations of indices that also give this value of the
index*, If there is no index in the program that matches the new one,
then a new Fourler term has been generated and will be considered in
the next iteration for solution. The variable MAXD stores the total
number of such combinations for each value of the Fourier index. In a
similar manner, each index is added to every other index and the sum
compared with all indices. This result is stored in the two two-
dimensional arrays, IS and JS, in the same manner as was done for the
subtraction case. The variable MAXS stores the total number of
summation combinations for each value of the Fourier index. A special
routine handles the cases where the index is added to and subtracted
from itself. The two-dimensional array IJS stores the location of the
index and the variable MAXSY stores the total number of such combina-
tlons. With this procedure the series of products that make up the

B's and n's contain no zero terms, and the summation is carried out
in PHIBET and TEAETA over specifically defined limits.

DECK 15 - Subroutine OUTPUT

This subroutine prepares the printout material. It is called
when elither the solution has converged at a load step or when the
number of iterations equals the maximum allowable and the number of
load changes equals the maximum allowable. In the latter case, the
latest value of Z is printed and the problem ends. The FPourier
coefficients of the inplane forces, meridional transverse force,
circumferential bending moment, twisting moment and rotations are
computed and printed with the solutlon Z for the Fourier coefficients
of the three displacements and meridional bending moment. This
output material is converted from dimensionless form to dimensional
form here, Provision i{s made to print at only selected meridional
stations. This subroutine also performs the summation process for
computing the total values of the forces, moments, displacements,
and rotations at the Theta positions around circumference prescribed
in the input data. Special sections for printing the solution at an
initial and final pole are also included here,

DECK 16 - Subroutine PHIBET (K)

This subroutine calculates the Phis and carries out the

- multiplying and summation procedure for computing the Betas derived

in Appendix B for a given meridional station K. The arrays IS, JS, ID,
JD, 1JS, MAXS, MAXD, and MAXSY prepared in subroutine MODES are
used here.

*The same comparison is never made twice.
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DECK 17 - Subroutine TEAETA(K)

‘ This subroutine calculates the inplane forces and carries out
the multiplying and summation procedure for computing the Etas derived
in Appendix B for a given meridional station K. The arrays IS, JS, ID,

'ID, 1JS, MAXS, MAXD, and MAXSY prepared in subroutine MODES are
used here,

DECK 18 - Subroutine FORCE (K)

This subroutine computes the GEE vector, equation (43), and
the X vector, equation (49b), for a given meridional station K. The
_arrays CEEEL through CEEE4 are the linear values of g based upon
the full input values of the applied pressures and temperatures. The
vector GEE is first the linear value of g for the current load step
and then becomes the nonlinear value of g. The array GEES is the
nonlinear value of g at station 1.

DECK 19 - Subroutine UPDATE

This subroutine updates the storage locations of the Betas
and Etas. It is called in subroutine XANDZ after a meridian station
change.

DECK 20 - Subroutine MATINV (A, N, B, M, DETERM, IPIVOT, INDEX,
NMAX, ISCALE)

This subroutine solves the matrix equation AX = B where A is
a square coefficient matrix and B 1s a matrix of constant vectors.
A”Y is also obtained and the determinant of A is available. Jordan's
method is used to reduce a matrix A to the identity matrix I through
a succession of elementary transformations: t , 1 _y/ ++<¥y A=1.

If these transformations are simultaneously applied to I and to a
matrix B of constant vectors, the result is A"! and X where AX = B.
Each transformation is selected so that the largest element is used in
the pivotal position. The subroutine has been compiled with a

variable dimension statement A(NMAX, NMAX), B(NMAX, M). The
following must be dimensioned in the calling program; IPIVOT (NMAX),
INDEX (NMAX, 2), A(NMAX,NMAX), B(NMAX, M) where IPIVOT and INDEX
are temporary storage blocks. An overflow may be caused by a singular
matrix. The definition of the arguments of this subroutine are as

88




APPENDI E

follows:
A = first location of a 2-dimensional array of the A matrix.
N = location of order of A;
1 <N <sNMAX

B = first location of a 2-dimensional array of the constant
vectors B.

M = location of the number of column vectors in B. M= 0O
signals that the subroutine is to be used solely for
inversion, however, in the call statement an entry
corresponding to B must still be present.

DETERM - gives the value of the determinant by the following
formula:

DET(8) = (10} 8)ISCALE

(DETERM)
IPIVOT - temporary storage block.
INDEX - temporary storage block.

NMAX = location of maximum order of A as stated in dimension
statement of calling program.

ISCALE - used in obtaining the value of the determinant by the
following formula:

DET(a) = (10 8SCALE (nErERM)

At the return to the calling program A ! is stored at A and
X 1is stored at B.
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PROGRAM LISTING

Important Notes

1. The alternate input-output feature of the
IBJOB monitor (ALTIO) is required.

2. Because certain liberties have been taken in
referencing data in COMMON the program
must be compiled in the order listed.
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TABLE I. -~ IMPORTANT FORTRAN VARIABLES

FORTRAN Variable Definition Appears in Deck(s)

A(4,4) A matrix 6,®, 10, 11

B(20) B, b A 5, 7,11, 12, 13,

- 15, 17, 18

BEE(4,4) B matrix 6.0, 10, 11

BE(10) Bati-1, @D, @, 18, g

BE2(L0) i, and 1+ 1 @y, 18,

BE3(10) 11, @3, 15, @9, 17, 18,
19

BT1 (1 0) Bgati-1, @, @, 18, 19

BT2(10) 1, and 1+ 1 @), 1s,

BT3(10) 11, @3, 15, @9, 17, 18,
19

BX1(10) B, ati-1, @, @, 18, [ig

BX2(10) 1, and i+ 1 @D, 18,

BX3(10) 11, @, 15, €8 17, 18,
19

BXT1 (10) Bigati-1, @, @. 18, 9

BXT2 (10) i, and 1+ 1 @), 18,

BXT3(10) 11, @J. 15, @9, 17, 18,
19 |

C(4,4) C matrix 6,09 10, 11

CAPLL(4, 4) Rg: Mg A, 6

CAPLY4, 4) A A A, 6

O Indicates the deck where the varlable is defined
D Indicates the deck where the variable is modified
A Indicates the deck where the variable is both defined and modified
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TABLE 1. - IMPORTANT FORTRAN VARIABLES (Continued)

FORTRAN Variable

Definition Appears in Deck(s)
D(20) D, d A, 5,7,15, 17
DB(20) 2, -g% A, 5, 18
DD(20) 2, g—% B, s
DEE(16, 20, 10) B, -cp,, |7 @0, 18

DEOMX(20, 10)

DMT(20, 10)

DST(16, 20, 10)

a@:) a(”s
ds

[ ag
3
o0 o(l-v) omp,

(n)

a ds
l

r -1
1By ~CiPi Jc

A, 5,15

B, 18
@0, 18

b

DTT(20, 10) o b (1-V) =55~ A 18

E(4, 4) E matrix ®, 9

ELL(4) e @, 11

EL1(4) L. ® 11

ETL(10) ngati-1, @, 2. 18, 119
ET2(L0) {, and 1+ 1 |@, 18, L9
ET3(10) 11, 0, @9, 18, 19
ETTL(10) nggati -1 @, 18,19
ETT2(10) i, and 1+ 1 @ 18, 9]
ETT3(10) , 18, 19
ETX1(10) Ngg ati -1 @ @ 18, L9
ETX2(10) 1, and i+ 1 @, 18, L9
ETX3(10) 11, @, 2. 18, 19
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TABLE 1. - IMPORTANT FORTRAN VARIABLES (Continued)

FORTRAN Variable Definition Appears in Deck(s)
EX1(L0) ngati-1, @), @2, 18, L9
EX2(10) i, andi+1 @d, 18,
EX3(10) 11, @3, @7, 18, 19
EXT1(10) Nggat! -1 @), 18, 19
EXT2(10) i, and1+1 @D, 18,
EXT3(10) 11, Q2. 18, 19
EXX1 (10) N ati-1, @). @, 18, [i9
EXX2(10) i, andi+1 @), 18,
EXX3(10) 11, @3, @), 18, 19
F(4,4) F matrix 9
FFS(4, 10 f matri ,
( ) X matrix @ 18
FLS (4) £, matrix @
G(4,4) G matrix 8, 9
GAM(20) Lo A, 5, 7,11, 16, 18
r o9s
GEE (4) g matrix
E 14 '
GEES(4,10) g, matrix 11
H(4,4) H matrix 6,
ID(10, 10) See description of 14, 16, 17
subroutine MODES,
Appendix E
175 (10) See description of 14, 16, 17
subroutine MODES,
Appendix E
IS(10, 10) See description of 14, 16, 17
subroutine MODES,
Appendix E
7(4,4) ] matrix 6, @D
JD(10, 10) See description of 14, 16, 17

subroutine MODES,
Appendix E
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TABLE I. - IMPORTANT FORTRAN VARIABLES (Continued)

FORTRAN Variable

Definition

Appears in Deck(s)

Js{(10, 10)

MAXD (1 0)

M2XS (10)

M2AXSY(10)

MT(20,10)
N(10)

OMEGL(4, 4)
OMEG1 (4, 4)
OMT (20)

OMXI(20)

P(16, 20, 10)
PHI(10)
PHIT(10)

PHIX(10)

PR(20, 10)

PT(20, 10)

See description of
subroutine MODES,
Appendix E

See description of
subroutine MODES,
Appendix E

See description of
subroutine MODES,
Appendix E

See description of
subroutine MODES,
Appendix E

o

3(1—y) —L_
coho(l V) 3

=]

k' %

208 g gn)

214

14, 16, 17
1,14,16, 17
1, 14,16, 17

1, 14, 16, 17

4,11, 15, 18

@ 6,7, 8, 14, 15, 186,
17, 18

Q. 6
@, 6
A, 5, 7,16, 18

B, 5,7,12,13, 16, 18

6, @0, 11
EATRY,

[Le], €8, 17
A, 18

A, 18




TABLE I. - IMPORTANT FORTRAN VARIABLES (Concluded)

FORTRAN Variable Definition BAppears in Deck(s)
(n)
chop

PX(20, 10) —Qf—L . pgn) @, 18

R(20) r, p B, 5,7,16, 18

TH (6) 0 @, 15

TT (20, 10) coho(l—v)tT, tp A, 11, 15, 17, 18

Ul(10) U, uati-1,

U2(10) i, andi+1

U3(10)

V1(10) .

v2(10) V, vati-1,

v3(10) i, and 1+ 1

W1 (10) W, wati-1,

W2(10) i, and 1+ 1

W3(10) 1

X(4, 20, 10) X matrix 6, 11,19

z(4, 22, 10) z matrix 1,Q), 12, 13, 15, 16
CR-909 NASA-Langley, 1967 —— 32 215




